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DYNAMICAL SYSTEMS WITH SPECIFICATION

Keonhee Lee* and Khosro Tajbakhsh**

Abstract. In this paper we prove that C1-generically, if a diffeo-
morphism f on a closed C∞ manifold M satisfies weak specification
on a locally maximal set Λ ⊂ M then Λ is hyperbolic for f . As a
corollary we obtain that C1-generically, every diffeomorphism with
weak specification is Anosov.

1. Introduction

The notion of the specification was introduced by Bowen [3] to con-
struct the equilibrium state and make a Markov partition of Axiom A
diffeomorphisms. After that the notion of weak specification was intro-
duced by Ruelle [10] to study variational principle for Zµ-action. The
notions have turned out to be important in the study of ergodic theory
of dynamical systems (for more details, see [2, 3, 5, 7, 8, 10, 12, 13]).

The definition of specification (or weak specification) seems to be
complicated and strong, but it is satisfied by many examples. For
example, Lind [8] showed that hyperbolic toral automorphisms satisfy
specification and ergodic central spin toral automorphisms satisfy weak
specification. Moreover those properties for solenoidal automorphisms
are well discussed by Aoki et al [2] .

Recently some interesting properties of specification and weak spec-
ification from viewpoints of topological dynamics and ergodic theory
are obtained by Lampart and Oprocha [6] and Yamamoto [13], respec-
tively. In particular, Sakai et al [11] have studied weak specification
from a viewpoint of geometric theory of dynamical systems, and charac-
terized the diffeomorphisms with weak specification under the C1-stable

Received September 20, 2014; Accepted October 15, 2014.
2010 Mathematics Subject Classification: Primary 37D30; Secondary 37C50.
Key words and phrases: generic, hyperbolic, shadowing, specification, weak specifi

cation.
Correspondence should be addressed to Keonhee Lee, khlee@cnu.ac.kr.
The first author was supported by research fund of Chungnam National University.



104 Keonhee Lee and Khosro Tajbakhsh

assumption. Note that weak specification in here is called specification
in [11].

In this paper we prove that C1-generically, if a diffeomorphism f on a
closed C∞ manifold M satisfies weak specification on a locally maximal
set Λ ⊂ M then Λ is hyperbolic for f . As a corollary we obtain that
C1-generically, every diffeomorphism with weak specification is Anosov.
More precisely, we prove the following theorem.

Theorem 1.1. There exists a residual subsetR of Diff1(M) such that
if f ∈ R satisfies weak specification on a locally maximal set Λ ⊂ M
then Λ is hyperbolic for f .

Corollary 1.2. C1-generically, every diffeomorphism with weak
specification is Anosov.

Let M be a closed C∞ manifold, and let Diff(M) be the space of
diffeomorphisms of M endowed with the C1-topology. Denote by d the
distance on M induced from a Riemannian metric ‖ · ‖ on the tangent
bundle TM .

Recall that a closed invariant set Λ is called hyperbolic for f if the
tangent bundle TΛM has a continuous Df -invariant splitting E⊕F and
there exist constants C > 0, 0 < λ < 1 such that ‖Dfn|E(x)‖ ≤ Cλn

and ‖Df−n|F (fn(x))‖ ≤ Cλn for all x ∈ Λ and n ≥ 0. We say that f is
Anosov if M is hyperbolic for f .

It is well known that if p is a hyperbolic periodic point of f with
period k then the sets W s(p) = {x ∈ M : fkn(x) → p as n → ∞}
and W u(p) = {x ∈ M : f−kn(x) → p as n → ∞} are C1-injectively
immersed submanifolds of M . Let p, q be hyperbolic periodic points of
f . We say that p and q are homocliniclly related, and write p ∼ q if
W s(p)tW u(q) 6= φ and W u(p)tW s(q) 6= φ. It is clear that if p ∼ q then
index(p) = index(q), that is, dimW s(p) = dimW u(q).

We say that f satisfies Axiom A if the periodic points are dense in
the set Ω(f) of nonwandering points of f and Ω(f) is hyperbolic; and
Axiom A diffeomorphism f satisfies strong transversality condition if
W s(p)tW u(q) for any p, q ∈ Ω(f).

For δ > 0, a sequence of points {xi}b
i=a in M(−∞ ≤ a < b ≤ ∞)

is called a δ-pseudo-orbit (or δ-chain) of f if d(f(xi), xi+1) < δ for all
a ≤ i ≤ b− 1. For a closed invariant set Λ ⊂ M , we say that f satisfies
shadowing on Λ (or Λ is shadowable for f) if for every ε > 0, there is δ > 0
such that for any δ-pseudo-orbit {xi}b

i=a ⊂ Λ of f (−∞ ≤ a < b ≤ ∞),
there is y ∈ M satisfying d(f i(y), xi) < ε for all a ≤ i ≤ b − 1. In the
case, we say that the δ-pseudo orbit {xi}b

i=a is ε-shadowed by the point y.
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Notice that only δ-pseudo-orbit of f contained in Λ can be ε-shadowed,
but the shadowing point y ∈ M is not necessary contained in Λ.

We say that f ∈ Diff(M) satisfies weak specification (or Λ admits a
weak specification for f) on a closed invariant set Λ ⊂ M if for every
ε > 0 there is a positive integer N = N(ε) > 0 such that for any k ≥ 2,
for any k points x1, x2, · · · , xk in Λ and any integers

a1 ≤ b1 < a2 ≤ b2 < · · · < ak ≤ bk with ai − bi−1 ≥ N

there is y ∈ M satisfying d(f j(y), f j(xi)) < ε for all ai ≤ j ≤ bi, 1 ≤
i ≤ k − 1. If such a point y can be chosen as a periodic point, then we
say that f satisfies specification on Λ (or Λ admits specification for f).
We say that f satisfies weak specification (or specification) if f satisfies
weak specification (or specification) on M , respectively.

This means that given specified pieces {f j(xi)} of orbits at differ-
ent times, if there is enough time delay, then these pieces can be well
approximated by the same pieces of the orbit of a point.

If f satisfies weak specification, then we can see that f is topologically
mixing; that is, for any nonempty open sets U, V ⊂ M there is an integer
N > 0 such that for any n ≥ N , U ∩ f−n(V ) 6= ∅ (for more details, see
[5]). By definition, it is clear that if f is topologically mixing, then
it is transitive, that is, there is a dense orbit. A set Λ is said to be
locally maximal if there is a compact neighborhood U of Λ such that
Λ = ∩n∈Nfn(U).

A toral automorphism A : Tn −→ Tn is said to be central spin
automorphism if A has unitary eigenvalues, and on the eigenspace of
unitary eigenvalues, the associated linear map is an isometry with an
appropriate metric. It is proved by Lind [8] that ergodic central spin
toral automorphisms satisfy weak specification. However we see that
ergodic central spin toral automorphisms do not satisfy shadowing. In
fact, we can show that the ergodic central spin toral automorphims given
by Lind in [8, page 99] does not satisfy shadowing.

Of course, shadowing does not imply weak specification. For example,
let us consider a diffeomorphism on S1 given by f(θ) = θ+εsin(θ) for 0 <
ε < 1

2 . Then (0, 0) ∈ S1 is a repelling fixed point of f and (0,−1) ∈ S1 is
an attracting fixed point of f . We can see that f does not satisfy weak
specification since S1 is not transitive for f , but it satisfy shadowing.

We say that a subset R ⊂ Diff(M) is residual if R contains the in-
tersection of a countable family of open and dense subsets of Diff(M);
in this case R is dense in Diff(M). A dynamic property P is said to
be C1-generic if P holds for all diffeomorphisms which belong to some
residual subset of Diff(M).
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The notion of shadowing is closely related to the notion of hyperbol-
icity. For example, it is well known that the C1 interior of the set of
diffeomorphisms satisfying shadowing is exactly the same as the set of
diffeomorphisms satisfying both Axiom A and the strong transversality
condition (i.e., structurally stable).

However the following conjecture posed by Abdenur and Dı́az in [1]
is still open.

Conjecture 1.3. C1 generically, shadowing implies structural sta-
bility. That is, there is a residual set R ⊂ Diff(M) such that if f ∈ R
satisfies shadowing then it is structurally stable.

In [1], the structurally stable diffeomorphism is called the hyperbolic
diffeomorphism. It is known that if f is Anosov then it is structurally
stable; and if f is structurally stable then it satisfies shadowing. In
general, a diffeomorphism with weak specification is not Anosov as we
see in the case of ergodic central spin automorphisms on torus. However
our theorem shows that every C1 generic diffeomorphism with weak
specification is Anosov.

2. Proof of Theorem 1.1

Combining the Kupka-Smale theorem with Pugh’s closing lemma, we
obtain a residual set R1 of Diff1(M) such that for any f ∈ R1 and
any closed invariant set Λ ⊂ M which admits weak specification, all
periodic points of f are hyperbolic and all their invariant manifolds are
transverse, and the periodic points of f are dense in Λ.

First we see that if f ∈ R1 satisfies weak specification on a closed
invariant set Λ ⊂ M then every periodic point in Λ has the same index;
that is, W s(p) ∩W u(q) 6= ∅ for any periodic points p, q ∈ Λ. This is a
direct consequence of [11, Lemma 2.1].

Next, take a countable basis β = {Un}n∈N of M such that the union
of two elements in β belongs to β. For each Un ∈ β, we define by Hn the
set of all diffeomorphisms f such that f has a C1 neighborhood U(f)
of f with the following properties: for any g ∈ U(f), if the maximal g-
invariant set in Un, Λg(Un) =

⋂
i∈Z gi(Un), is transitive for g and Λg(Un)

is non-hyperbolic for g, then g has two hyperbolic periodic points in
Λg(Un) with different indices. Then it is clear thatHn is open in Diff(M)
for each n ∈ N.

To show that Hn is dense in Diff(M) for each n ∈ N, we suppose that
there is f ∈ Diff(M) −Hn. Then we can find a C1 neighborhood U(f)
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of f with U(f) ∩ Hn = ∅. For any g ∈ U(f) and any C1 neighborhood
V(g) ⊂ U(f) of g, we can take h ∈ V(g) such that Λh(Un) =

⋂
i∈Z hi(Un)

is transitive for h, Λh(Un) is non-hyperbolic for h and every hyperbolic
periodic point in Λh(Un) has the same index. This means that for any
g ∈ U(f), Λg(Un) is transitive and non-hyperbolic, and every hyperbolic
periodic point in Λg(Un) has the same index. Consequently we have
that Λf (Un) is robustly transitive (i.e., there is a C1 neighborhood U(f)
of f such that for any g ∈ U(f), Λg(Un) is transitive for g), every
periodic point in Λg(Un) is hyperbolic and has the same index. In the
process of the proof of Theorem 1.1 in [9], we can see that such Λf (Un)
must be hyperbolic (see also Theorem 1.3 in [11]). This contradicts to
the above fact that Λf (Un) should be non-hyperbolic. Consequently we
have proved that Hn is dense in Diff(M) for each n ∈ N.

Put

R = R1

⋂
(
∞⋂

n=1

Hn).

Then R is a desired residual subset of Diff(M).
Let f ∈ R, and let Λ ⊂ M be a locally maximal set which admits a

weak specification. Then there exists a basic element Un0 ∈ β such that
Λ =

⋂
i∈Z f i(Un0).

Suppose that Λ is not hyperbolic for f . Since f ∈ Hn0 and Λ =
Λf (Un0) is transitive for f , we can see that f has two hyperbolic periodic
points in Λ with different indices. This is a contradiction to the fact
that f ∈ R1. The contradiction shows that Λ is hyperbolic for f , and
so completes the proof of Theorem 1.1.

References

[1] F. Abdenur and L. Dı́az, Pseudo-orbit shadowing in the C1 topology, Disc.
Contin. Dynam. Syst. 17 (2007), 223-245.

[2] N. Aoki, M. Dateyama, and M. Komuro, Solenoidal automorphisms and spec-
ification, Monatshefte für Mathematik 93 (1982), 79-110.

[3] R. Bowen, Periodic points and measures for Axiom A diffeomorphisms, Trans.
Amer. Math. Soc. 154 (1971), 377-397.

[4] S. Crovisier, Periodic orbits and chain-transitive sets of C1-diffeomorphisms,
Publ. Math. IHES 104 (2006), 87-141.

[5] M. Denker, C. Girllenberger, and K. Sigmund, Ergodic Theory On Compact
spaces, Lecture Note in Math. 527 Springer Verlag, Berlin, 1976.

[6] M. Lampart and P. Oprocha, Shift spaces, ω-chaos and specification property,
Topology and its Appl. 156 (2009), 2979-2985.

[7] D. A. Lind, Split skew products, a related functional equation, and specification,
Israel J. of Math. 30 (1978), 236-254.



108 Keonhee Lee and Khosro Tajbakhsh

[8] D. A. Lind, Ergodic Group Automorphisms and specification, Ergodic theory,
Proc. Conf., Math. forschungsinst., Oberwolfach, 1978, 93-104,Lecture Note in
Math. 729 Springer Verlag, Berlin, 1979.

[9] R. Mane, An ergodic closing lemma, Ann. Math. 116 (1982), 503-540.
[10] D. Ruelle, Statical mecjhanics on a compact set with Zµ-action satisfying ex-

pansiveness and specification, Trans. Amer. Math. Soc. 185 (1973), 273-251.
[11] K. Sakai, N. Sumi, and K. Yamamoto, Diffeomorphisms satisfying the specifi-

cation property, Proc. Amer. Math. Soc. 138 (2010), 315-321.
[12] K. Sigmund, On dynamical systems with the specification property, Trans.

Amer. Math. Soc. 190 (1974), 285-299.
[13] K. Yamamoto, On the weaker forms of the specification property and their

applications, Proc. Amer. Math. Soc. 137 (2009), 3807-3814.

*
Department of Mathematics
Chungnam National University
Daejeon 305-764, Republic of Korea
E-mail : khlee@cnu.ac.kr

**
Department of Mathematics
Tarbiat Modares University
Tehran, Iran
E-mail : khtajbakhsh@modares.ac.ir


